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Aspects of quantum chaos inside black holes
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We will argument how infalling information can be chaotized inside realistic quantum black holes.
I. INTRODUCTION AND CONCLUSIONS
Theoretical physicists are all agreed that Semiclassical
Black holes are paradoxical objects (as nicely reconfirmed
by several discussions during the Karl Schwarzschild
meeting 2015). However, a clear strategy in order to
solve this problem is still unknown.
In this paper, we would like to suggest that infalling
information could be chaotized inside a black hole . Our
claim is related to a different picture about quantum
black holes’ nature: we retained unmotivated to think
seriously about a quantum black hole as a conformal Pen-
rose’s diagram, i.e as a smoothed semiclassical geometry
with a singularity in its center (eventually cutoff at the
planck scale). In particular, one could expect that, in a
”window” of lenght scales among the Schwarzschild ra-
dius and the Planck scale, there is a non-topologically
trivial region of space-time rather than a smoothed one.
A realistic black hole could be a superposition of differ-
ent horizonless solutions, perhaps associated GR gravita-
tional instantons or ”exotic” gravitational instantons 1.
In this picture, a black hole’ horizon is an approximated
Chauchy null-like surface (for energy scales closed to an
inverse Schwarzschild radius). However, for lenght scales
L in the range lPl << L << R, geometrical deviations
and asperities with respect to semiclassical smoothed ge-
ometries are reasonable expected. In this regime, grav-
itational interactions among horizonless geometries can
be neglected as well as microscopical exchanges of mat-
ter and gauge fields among their surfaces. In this sense,
a black hole cannot be described by a single Penrose’s
diagram at all the lenght scales. In particular, in the
”middle region” a black hole would be described by a
superposition of a large number of Penrose’s diagrams.
Such a black hole can be rigorously defined in an eu-
clidean path integral formulation. It emits a thermal
radiation like a semiclassical BH, with small corrections
on Bekenstein-Hawking entropy (see section II) [1].
At this point, a further question is the following: what
happen to infalling informations in such a ”scale variant”
system? Let us consider the usual thought experiment of
a infalling radiation in a quantum pure state, with a very
small initial frequency ω ≃ R−1. Such a radiation will
start to probe a smoothed semiclassical geometry of a
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1 In string theory, the class of instantons is much larger than in
field theories. Applications of a particular class of these solutions
in particle physics were recently studied in [1–10] .
black hole, near the horizon. However, radiation will be
inevitably blueshifted inside the gravitational potential
of a black hole, i.e its De Broglie wave length starts to
be smaller than the Schwarzschild’s radius. So that, in-
falling radiation will start to probe the middle region be-
fore than the full quantum quantum regime. In the mid-
dle region, radiation is scattered back and forth among
asperities that usually are not present at all in semiclas-
sical BH solutions. As a consequence, radiation will be
chaotically diffracted inside this system. At that middle
scales, a black hole is a sort of space-temporal chaotic
Sinai billiard rather than a smoothed manifold. Usually,
in simpler classical chaotic billiards than our one, chaotic
zones of unstable orbits trapped forever in the system
are formed. Simple examples of such a trapped paths:
i) an orbit trapped in back and forth scatterings among
the asperity A and the asperity B (AB segments); ii) one
trapped among A,B,C asperities (triangular orbits); and
so on. Considering quantum fields rather than classical
trajectories, one has also to consider quantum transitions
induced by inelastic scatterings on gravitational back-
grounds < g, ..., g > (thought as a vacuum expectation
value of gravitons). φ+ < g, ..., g >→ X+ < g, ..., g >
where φ is a generic gauge/matter field, and X is a col-
lection of N fields. For example a process like a photon-
background scattering
γ+ < g, ..., g >→ qq¯+ < g, ..., g >→ hadronization+ < g, ..., g >
will lead to a complicated hadronic cascade of entangled
fields. As a consequence, such a system is even more
chaotic than classical one. So that, a part of the initial in-
falling information is effectively fractioned in a ”forever”
(black hole lifetime or so) trapped part and another one,
so that
|IN〉 = a|OUT 〉+ b|TRAPPED〉
where a, b parametrize our ignorance about the space-
time billiard, |OUT 〉 is emitted as Bekestein-Hawking ra-
diation. As a consequence, the in-going information is a
linear combination of outgoing informations and trapped
informations during 0 << t << tEvaporation. In this pic-
ture, information paradoxes are understood as an appar-
ent losing of unitarity. In fact, |IN〉 → |OUT 〉 is not al-
lowed by quantum mechanics: |IN〉 is a pure state, while
|OUT 〉 is a mixed one. However, also |TRAPPED〉 is a
mixed state, and a linear combination of two mixed states
can be a pure one. In this approach, a |IN〉 → |OUT 〉
transition can be effectively described in a density matrix
approach, with an effective non-unitary evolution. How-
ever, unitarity is not lost at fundamental level because
2of the real transition |IN〉 → a|OUT 〉 + b|TRAPPED〉
is not contradicting unitarity. Let us consider, for exam-
ple, a (famous) Bekenstein-Hawking particle-antiparticle
pair created nearby the black hole horizon. As usual,
one the two is captured inside the black hole space-like
interior, while the second one can tunnel outside the hori-
zon. As well known, the two particles are entangled, and
this will lead to the undesired firewall paradox. However,
in a frizzy black hole, the infalling pair will start to be
blueshifted so that it will start to scatter back and forth
inside the system, giving rise to an exponentially growing
cascade of N particles continuing to scatter and to scatter
in the billiard. The process will be even more chaotic in
a realistic case in which a large number of infalling part-
ners from a large number of Bekenstein-Hawking pairs
have to be considered. As a consequence, P outgoing
pairs will be entangled with a total number N >> P of
particles inside the system. This practically disentangles
the P outgoing pairs from the original ones, as a quan-
tum decoherence effect induced by the non-trivial space-
time topology. In other words, the space-time topology
is collapsing the entangled wave function as a quantum
decoherence phenomena, as well as two entangled pairs
are disentangled by a an experimental apparatus. The
entanglement entropy is linearly growing with the num-
ber of back and forth scatterings n of a particle, because
of the density matrix of the internal black states are ex-
ponentially growing with n:
Sinterior = −TrρinteriorlogSinterior ∼ n
so that is growing with time. On the other hand, for P
Bekenstein-Hawking particles Sint ∼ n log P . Our model
predicts SB.H. ∼ P from entanglement entropy defini-
tion.
However, if a frizzy black hole emits a Bekenstein-
Hawking radiation with small deviations from thermal-
ity, it cannot have an infinite life-time. On the other
hand, the non-trivial topological space-time configura-
tion of a frizzy black hole is sourced by the black hole
mass. The final configuration after the complete black
hole evaporation is a Minkowski space-time with a dilute
residual radiation. As a consequence, a space-time phase
transition from the ”frizzy” topology to the Minkowski
space-time is expected at the Page time or so. As a con-
sequence, chaotic saddles of trapped information will be
emitted in the environment as a final information burst.
For this motivation, the S-matrix describing BH evolu-
tion from the initial collapse/formation to its complete
evaporation is unitary:
〈COLLAPSE|S|EV APORATION〉
= 〈TOTALINFALLING|S|(a|TRAPPED〉+b|OUT 〉)
The trapped probability density ρ(T ) is approximately
described by
dρ(T )
dT
∼ −
1
T 2
e−ΓT
In fact, ρ(T ) is dependent by the number of asperities
Ns as ρ ∼ Nse
−ΓT , where Γ is proportional to effective
average deepness of asperities (trapping ρ). But the num-
ber of asperities is depending by the Black hole mass. In
turn, the black hole mass decreases with the temperature
as dM/dT = −1/8piT 2.
To conclude, chaotic aspects of quantum black holes
could be relevantly connected to the information para-
doxes. In particular, a semiclassical black hole could
be reinterpreted as a superposition of horizonless geome-
tries, chaotizing infalling informations. Such an approach
could have surprising connections with recent results in
contest of AdS/CFT correspondence [11].
II. EUCLIDEAN PATH INTEGRAL OF A
FRIZZY BLACK HOLE
Definition: let us consider a generic system of N hori-
zonless background metrics (suppose to be eliminated at
the Planck scale) inside a box with a surface ∂M. This
system is defined frizzy black hole if it satisfies the fol-
lowing hypothesis:
i) A formal definition of partition functions ZI for each
metric tensor gI=1,...,N cab be defined. The N metrics are
in thermal equilibrium with the box.
ii) In semiclassical regime, the leading order of the total
partition function associated to this system is the product
of the single partition function:
ZTOT =
N∏
I=1
ZI
2
iii) The total average partition function has a form
〈ZTOT 〉 = e
−
β2
16pi
−
σ2
β
16pi = ZEe
−σ2
β
16pi
where ZE is the usual semiclassical euclidean partition
function, σβ the variance of β-variable in the system.
This corresponds to an entropy
〈S〉 =
β2
16pi
+
σ2β
16pi
III. SEMICLASSICAL CHAOTIC SCATTERING
ON A SPACE-TIME SINAI BILIARD
An effective non-relativistic quantum mechanical ap-
proach is not fully valid and motivated. However, we
2 This approximation can be trusted if and only of intergeometries’
interactions are small with respect to the temperature inside the
box.
3will show some general proprieties suggested by this ap-
proach: these can be extended to the more realistic prob-
lem.
Let us remind, that ψt(r) is obtained by an initial
ψ0(r0) by the unitary evolution
ψt(r) =
∫
dr0K(r, r0, t)ψ0(r0)
where K is
K(r, r0, t) =
∫
Dre
i
~
I
and
I =
∫ t
0
dtL(r, r˙)
and L is the lagrangian of a particle. The semiclassical
limit corresponds to
I =
∫ t
0
[p · dr −Hdτ ] >> ~
In this regime, the leading contribution to the path inte-
gral is just given by classical chaotic trapped orbits. The
semiclassical propagator can be written as
KWKB(r, r0, t) ≃
∑
n
An(r, r0, t)e
i
~
In
where we are summing on all over the classical orbits of
the system, while amplitudes An are
An(r, r0, t) =
1
(2pii~)ν/2
√
|det[∂r0∂r0In[r, r0, t]]|e
−
ipihn
2
with hn counting the number of conjugate points along
the n-th orbit. The probability amplitude is related to
Lyapunov exponents:
|An| ∼ exp
(
−
1
2
∑
λk>0
λkt
)
along unstable orbits; while
|An| ∼ |t|
−ν/2
along stable ones.
The level density of bounded quantum states is de-
scribed by the trace of the propagator. In semiclassical
limit, the trace over the propagator is peaked on around
the periodic orbits and stationary saddle points. This
allows to semiclassically quantize semiclassical unstable
periodic orbits that are densely sited in the invariant set.
In our chaotic system, we expect many resonances. So
that, transitions’ probabilities can be averaged over the
large number resonances’ peaks. So that, a wavepacket
ψt(r) in a region R (ν-dimensional space) has a quantum
survival probability
P (t) =
∫
R
|ψt(r)|
2dr
This can be rexpressed in terms of the initial density
matrix ρ0 = |ψ0〉〈ψ0| as
P (t) = trID(r)e
− iHt
~ ρ0e
+ iHt
~
where ID is zero for resonances r out of the region D
and1 into D. We can express the survival probability as
P (t) ≃
∫
dΓph
(2pi~)f
IDe
Lcltρ˜0 +O(~
−ν+1)
+
1
pi~
∫
dE
∑
p
∑
a
cos
(
a
Sp
~
− api2mp
)
√
|det(map − 1)|
∫
p
IDe
Lcltρ˜0dt
+O(~0)
where dΓph = dpdr, the sum is on all the periodic or-
bits (primary periodic orbits p and the number of their
repetitions a); Sp(E) =
∫
p · dr, τp =
∫
E
Sp(E), mp
is the Maslov index, and M is a (2ν − 2) × (2ν − 2)
matrix associated to the Poincare´ map in the neighbor-
hood of the a-orbit; Lcl is the classical Liouvillian op-
erator, defined in terms of classical Poisson brackets as
Lcl = {Hcl, ...}Poisson; ρ˜0 is the Wigner transform of the
initial density state. The operator Lcl have Pollicott-
Ruelle resonances as eigenvalues
Lclφn = {Hcl, φn}Poisson = λnφn
where eigenstates φn are Gelfald-Schwartz distributions.
On the other hand, the adjoint problem
L
†
clφ˜n = λ˜nφ˜n
The eigenvalues λn are in general complex: their real part
Re(λn) ≤ 0 because of they correspond to an ensamble
bounded periodic orbits; their Im(λn) correspond to de-
cays in the ensambles. Expanding the survival probabil-
ity over resonances as
P (t) ≃
∫ ∑
n
〈ID|φn(E)〉〈φ˜n(E)|e
λn(E)t|φn(E)〉〈φ˜n(E)|ρ˜0〉
we can get the 0-th leading order ∼ eλ0(E)t. So that, the
survival probability is behaving like P (t) ∼ e−γ(E)t, i.e
s0 = −γ(E): the decay of the system is related to the
classical escape rate γ(E).
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